The bi-local model of hadrons is studied from the viewpoint of non-commutative geometry formulated so that Higgs-like scalar fields play the role of bridge, the bi-local fields, connecting different spacetime points on two manifolds. In particular, about meson fields, the nature of both the Nambu-Goldstone bosons associated with chiral symmetry breaking and bound states of quark are studied in detail.
§1. Introduction
Nowadays, the meson fields are believed as bound states of quark(q) and anti-quark(q) represented by gauge invariant states such as q 2 Φ(C)q 1 0 in the sense of QCD; here, Φ(C) = P e i C Aµdx µ and P is the path-ordering along the path C that connectsq 2 and q 1 1) . The QCD approach, however, requires non-perturbative calculations to analyze the bound states;
and at the moment, only numerical approach based on the lattice gauge theory is available to study those states.
The bi-local field proposed originally by H. Yukawa 2) is studied by many authors in a context of relativistic two-body models of quark and anti-quark bound states 3) . The standpoint of those approaches is rather simple. The Φ(C) is a complicated functional of the path C; when C is a straight line, however, the field q 2 Φ(C)q 1 0 becomes a bi-local field Φ(x, y) expected to satisfy 1) where V (x) is an effective potential representing the interaction between q andq. In such a model, we can calculate various phenomenological features of hadrons; in particular, the covariant oscillator quark model (COQM) that uses V (x) ∝ x 2 is known to yield fairly preferable results 4) . On the other side, however, the ground states of mesons, the pions, are usually understood as Numbu-Goldstone (N.G.) bosons associated with the chiral symmetry breaking of quark dynamics; it is not obvious that both features of bound states and N. G. bosons for the pions are compatible each other. Now, recently, a possible way regarding Higgs field as a member of gauge field is proposed by from the viewpoint of the non-commutative geometry (NCG) and developed by many authors 6) ; there, the spacetime is regarded as a product of the usual 4-dimensional spacetime and a discrete two-points space. In those theories, the Higgs fields, which cause the gauge symmetry breaking, play the role of bridge connecting two kinds of matter fields, the Dirac fieldsΨ R (x) and Ψ L (x), at the same spacetime point x (Fig. 1) .
Then, as an extension of this type of symmetry breaking, it may be possible to introduce Higgs-like fields Φ(x, y) which connect two kinds of matter fields defined at different spacetime points x and y, sayΨ R (x) and Ψ L (y). In such a case, we may formulate the bi-locals field in Eq.(1), the bound states ofq and q fields, as Higgs-like fields, which are related with the chiral symmetry breaking at different spacetime points x and y (Fig. 2) . The purpose of this paper is, thus, study the relationship between the picture of bound-state and that of Nambu-Goldstone field for some bi-local fields from the point of view of an extended NCG The basic formulation is discussed in the next section within a framework of U(1/1) toy model. An attempt extending the toy model to a more realistic QCD-type model is studied in §3. Section 4 is devoted to summary and discussions. §2.
Formulation of bi-local Higgs like fields
The original Connes-Lott formulation for the gauge theory based on NCG is not always convenient for our purpose; in what follows, we use the matrix formulation for such a theory developed by Coqueraux et al. 8) .
To construct the local U(1/1) gauge and Higgs field theories according to the matrix formulation, first, we introduce the off-diagonal matrix η = 1 2Mη
, η = 0 1 1 0 as a kind of coordinate variables of the Dirac field
Here, M is a parameter with the dimension of mass and 1 in η is the unit matrix in Ψ L /Ψ R space. Secondly, with analogy to the equation
for ordinary variables, we define the derivative of 2 × 2 matrix A with respect to η by
where A e and A o are the block-diagonal and off-block-diagonal parts of A, respectively, and π is the momentum operator conjugate to η defined by {π, η} = −1 in the sense of quantum
mechanics. An explicit form of π is given by π = −Mη. Then, one can easily verify the following normalization conditions:
2) * ) An early attempt according to this line was tried in 7).
in addition to the Leibniz rule * )
In terms of the matrix iπ, one can also define the operation of ∂ η on matter fields by ∂ η Ψ = iπΨ . Now, it is ready to define the covariant derivative operators under the local gauge and discrete transformations. As the generators of U(1/1) , we take the following:
Then, in the extended spacetime (x µ , η), one can define the covariant derivatives acting on matrix and matter fields Ψ by
6) 8) where
. The last one is a covariant derivative operator with respect to η acting on matter fields. It should be noted that
2 is an origin of symmetry breaking.
In terms of these matrices, the Lagrangian density for the U(1/1) gauge theory is given by 1 4 TrF
Here F µν F µν and F † µη F µη are kinetic terms for gauge and scalar fields respectively; furthermore, F † ηη F ηη gives rise to the potential term for the scalar fields. In addition, the Yukawa coupling between the matter fields and the scalar field is also given byΨ iD η Ψ . Now let us try to extend the above gauge-Higgs system to one consisting of local gauge fields and bi-local Higgs like fields. The matter fields in this case should be written as
, where x L µ and x R µ are independent coordinate variables. Accordingly, the indices L and R designate spacetime points in addition to gauge or chiral components in the extended formalism. As for the discrete variables η, π, we try the same form as in the * ) The nilpotency ∂ local NCG, but M may be a c-number function of (
, one can define the followings as covariantderivative operators acting on extended matrix or matter fields:
10)
11)
where
η and so on. Here 'prime 'stands for the covariant-derivative operators in which the gauge and scalar fields are replaced respectively by
14)
In this sense, (2 . 9) ∼ (2 . 12) define covariant-derivative operators provided (2 . 14) and (2 . 15) hold. It should be noticed, however, that Φ LR obeys the bi-linear transformation (2 . 15), then φ LR does not obey simple bi-liniear transformations under gauge transformations due to the factor M, and vice versa. For a while in this section, we assume the transformation (2 . 15). For the latter purpose, let us introduce the center of mass variables
, in terms of which we can write
It is, thus, obvious that by taking the limit
and D η will tend to the local operators (
The candidates for field strength constructed out of those extended covariant-derivative operators are 
In order to obtain c-number field strength, we have to take the combinations such that
Here, F L µν and F R µν are local field strengths; on the other hand, F ηη and F ± µη are bi-local field strengths.
Therefore, in this model, the following:
is a natural form of the action defined from those field strengths, which preserves the L ↔ R invariance and tends to the action for local gauge and Higgs fields in the limit
The interaction between the matter fields and gauge-Higgs fields should also be given by
where κ is a parameter. Then in terms of component fields, the action S = S GH + S M can be written as
where In this action, the potential for Φ LR has the minimum at
. There are several ways to choose the vacuum, and the following may be the candidates that coincide in the local limit
formation; on the other hand,Φ LR is assumed to be a gauge invariant field. The case (i) is nothing but the original configuration of Φ LR given in the covariant derivative (2 . 12) by
Since φ LR can not obey the same bilinear transformations as Φ LR , as a matter of fact, the form of (2 . 12) breaks local gauge invariance from the beginning except the case M(x) ∝ δ 4 (x). On the other side, the case (ii) looks to preserve local-gauge invariance; however, the form is not compatible with the original configuration of Φ LR in (2 . 12). We will discuss a modified version of the case (ii) in the next section within a framework of more realistic model.
Let us, now, consider a QCD-type gauge theory in the case (i); then, we need not to distinguish L/R gauge structures, and we may put W 
34)
and
where we have used the abbreviation
From the expression (2 . 36), it is obvious that linear terms of M give rise to mass terms forΦ LR field. If we decomposeΦ LR field into its real components in such a way that
then one can say that the σ LR and π LR become massive fields respectively for L/R symmetric and L/R anti-symmetric configurations.
As for U L and U R , it is also interesting to take
39)
Here C L and C R are paths from infinitely distant places to x L and x R respectively (Fig. 3) ; according to these choices of U L and U R , the U LR can be understood as
where C LR is a finite path from x R to x L (Fig. 4) . If it is necessary, one may set C LR as a straight line, and then,Φ LR is able to maintain the meaning of a bi-local field.
A particular interest of the above choice of U L/R is the fact that W ′L/R µ defined in (2 . 36) vanishe; the action becomes very simple. If we adopt (2 . 41) to express gauge degrees of freedom U L/R of φ LR , then the action (2 . 29) is reduced to
from which we can derive the equation of motion forΦ LR in the following form:
If we, here, assume that M 2 ∝x 2 , then the term 4M
2Φ
LR in the second line of the above equation yields the mass term forΦ LR , which should be compared with the bi-local-field equation (1) The extension of the model in the previous section to a QCD-type model is not difficult, and it is rather formal task. In this case, the matter fields, the quark fields, have the components Ψ L/R i,α , where i(= 1, 2, 3) and α(= 1, 2) are indices of color and flavor respectively; for simplicity, we confine our attention to the case of one generation. The Higgs-like-scalar fields φ LR 's are, then, 2 × 2 matrices in flavor space and 8 × 8 matrices in color space. We assume that gauge degrees of freedom of those fields are factorized in such a way that
, let us define the η-derivative of Ψ by According to the prescription in the previous section, first, we define the covariant derivative operators D L/R± µ in this model by
where T a , (a = 1 ∼ 8) and T L/R are generators of color gauge transformations normalized so
δ a,b and matrices defined in Eq. (2 . 5), respectively. There is no difference between the left and the right gauge fields and so, L and R in notations simply designate their coordinate dependence. Secondly, the covariant derivatives D η andD η are again defined by
in the same way as Eqs. (2 . 11) and (2 . 12) except that φ LR and Φ LR = U L MU † R + φ LR are matrix fields obeying bilinear transformations such as
Using these covariant-derivative operators, the field strengths F L/R± µν , F ± µη and F ηη are calculated similarly as those in the previous section and we have
Here, 8) and the same forms are true for those, to which R and L are interchanged. The action for gauge and Higgs-like bi-local fields is given, again, by Eq. (2 . 27); there, we do not need the second term in the right-hand side of that equation, since F L/R µν 's are values at different spacetime points of one field. It is also apparent that the form of the action for matter fields coincides with one of Eq. (2 . 28). Therefore, the action in this QCD-type model should be given in the following form: 9) where tr and T r stand for the 'trace 'taken over color indices and over color-flavor indices, respectively. The next task is to choose a particular vacuum such that
As an extension of the case (ii) in the previous section, we put 10) where (3 . 12) whereΦ LR = σ LR + iπ LR and
Further, it holds that (3 . 14) In what follows, we do not distinguish W ′L/R µ and W L/R µ , since the kinetic terms of gauge fields are invariant under the transformation (3 . 13). Therefore, remembering that
, the action (3 . 9) becomes (3 . 15) In the action (3 . 15), neither the local color gauge symmetry nor the chiral flavor-SU(2) symmetry remains because of its non-local property and of the presence of M. In particular, the mass terms for π (3 . 15) vanish and the action restores the color gauge invariance in appearance. * ) Recently, the reality of σ particle was discussed by S. Ishida 9) . §4. Summary and discussions
In this paper, we have discussed the possibility to extend gauge theories based on NCG to a gauge theory including bi-local Higgs like fields as its contents. The bi-local field theories according to this line are also interesting from the point of view such that those are low energy examples of matrix field theories 10) .
In section 2, first, we reviewed Coquereaux's formulation of the NCG within the framework of U(1/1) gauge-Higgs model, in which the mass matrix of matter fields, the Dirac fields, plays a role of the matrix coordinate connecting the left/right-components of matter fields at the same spacetime point. The mass parameter in the matrix coordinate determines the order of symmetry breaking; in addition, the Higgs-like fields can be understood as the quantum fluctuation around this matrix coordinate. Then, we have tried to extend such a gauge-Higgs theory to a bi-local one by introducing a matrix coordinate that connects the left/right-components of matter-fields at different spacetime points. Under this extension, the Higgs-like fields in this model become bi-local ones; on the other hand, the gauge fields and the matter fields remain as local fields living in the left or in the right world. Furthermore, the mass parameter in the matrix coordinate is allowed to be a function of relative coordinates and then, it acquires the meaning of c-number potential function for the bi-local Higgs-like fields.
The extension of the toy model to a QCD-type one is rather formal and this has been done in section 3 within the framework of one generation. Namely, the matter fields in this case are supposed to be (u, d)-quark fields and so, the gauge structure in this model is the color gauge symmetry which does not distinguish between the left and the right gauge fields. In that extended model, the mass parameter is introduced through η-derivative of matter fields: (∂ η ) LR = −iU L MU † R etc.. Here, U L and U R are necessary to guarantee the gauge invariance of the theory before symmetry breaking. In particular, if we regard U L/R as Wilson string functions, then Ψ L U LR Ψ R 's can be leading terms determining bi-local fields under a specific choice of parameters.
The extended bi-local fields in this QCD-type model should be regarded as mesons, although its action contains non-local 3-body and 4-body self-interactions. The resultant action has the structure compared with the linear sigma model in local-chiral-field theories; the mass terms, potential terms, for π-meson components vanishe in the local limit x L → x R .
It should be noticed that if we replace M with a matrix in flavor space such as M = a1 + bτ 3 in the sense of explicit symmetry breaking, then π ± -components of the bi-local field remain massive fields even in the local limit. It is also important that if we assume the functional form M 2 ∝x 2 , the model obtains a similar structure to COQM. Unfortunately, however, there is no way to determine the functional form of M 2 out of this formalism. Under such an assumption, further, it will be sure that the elimination of the relative timex 0 becomes a serious problem as in COQM. In our way introducing bi-local fields Φ LR , the role of intrinsic spins in quark-bound states is not clear too.
Although those problems are left as the future examination, the bi-local extension of gauge theories based on non-commutative geometry give us an interesting insight to study the bound-state structure of matter fields.
